Recent experimental progress in prolonging the coherence time of a quantum system prompts us to explore the behavior of quantum entanglement at the beginning of the decoherence process. The response of the entanglement under an infinitesimal noise can serve as a signature of the robustness of entangled states. A crucial problem of this topic in multipartite systems is to compute the degree of entanglement in a mixed state. We find a family of global noise in three-qubit systems, which is composed of four W states. Under its influence, the linear response of the tripartite entanglement of a symmetrical three-qubit pure state is studied. A lower bound of the linear response is found to depend completely on the initial tripartite and bipartite entanglement. This result shows that the decay of tripartite entanglement is hastened by the bipartite one. Introduction.-Dynamics of quantum entanglement in open systems has attracted wide attention in recent years, because of the key roles of entanglement in quantum information processing and unavoidable interaction of a quantum systems with its environment [1] [2] [3] . The coherence time of some quantum systems have been significantly extended in recent experimental progress [4, 5] , which makes it necessary to investigate the behavior of quantum entanglement under a perturbation of decoherence. In addition, the response of entanglement under an infinitesimal noise can be considered as a quantitative signature of the robustness of an entangled state [6] . For the bipartite entanglement in a multipartite system measured by negativity [7] , which is an eigenvalue problem, the response can be treated by using the perturbation theory [8] . Consequently, the first author of the present article and his coworkers [6] derive an analytical expression of the linear response of negativity (LRN) for an arbitrary three-qubit pure state in terms of its entanglement invariants [9] . The roles of different initial entanglement in decay of bipartite entanglement are shown clearly in the analytical result. This naturally leads to an interesting question: Can we find an analytical relation between the linear response of three-tangle [10] (LRT) in a three-qubit system in some noisy environment and its initial entanglement?
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Three-tangle is called originally the residual entanglement quantifying genuine multipartite correlations in a three-qubit pure state [10] . It can be extended to mixed states via the convex roof [11, 12] as concurrence for the two-qubit case [13] . But the problem to compute the convex roof in an arbitrary three-qubit state has not been solved. There are very limited examples of mixed states whose three-tangle have been obtained analytically [14] [15] [16] [17] [18] [19] . All of these examples can be considered as a GHZ or generalized GHZ state influenced by different types of global noises. Lack of parameters in generalized GHZ states makes it impossible to analyze the influences of different entanglement on the decay of three-tangle. In the present work, we consider the three-qubit system prepared in symmetrical pure states, which have three linear independent entanglement invariants [9] . Two natural choices of noise environment are the partially depolarizing noise and global white noise, which are invariable under both local unitary transformations and permutations of qubits. The former is studied in several works to explore the robustness of multipartite entanglement [6, 20, 21] , and the latter leads to the Werner states [19, 22] . However, the difficult of the optimal decomposition keeps us from moving forward in the two directions. The question then is: Can we find a type of noise, the LRT corresponding to which not only can be derived but also has an explicit relationship with the initial entanglement?
We begin from the simple case of symmetrical twoqubit pure states. By assuming a form of optimal decomposition, we obtain the linear response of concurrence (LRC) under a family of W-type noise, which agrees with the result by using Wootters' formula [13] and depends completely on the initial entanglement. Subsequently we generalize these results to the three-qubit case. The LRT, actually its lower bound because of the absence of a proof of the optimal decomposition, is found as a function of the initial bipartite negativity and three-tangle.
Two-qubit concurrence.-A two-qubit pure state can always be converted into the following symmetric form with a suitable local unitary operation
, where σ x,y,z denote the Pauli matrices. It orthogonal to the three linear independent two-qubit states as |Φ 0 = sin θ|00 − cos θ|11 , |Φ 1 = |01 , and |Φ 2 = |10 . Two properties of the latter two can be easily noticed:
The relationship between |Φ and |Φ 1,2 is similar with the GHZ state and the W state for consideration three-tangle [14] . We refer to the white noise in the subspace of {|Φ 1 , |Φ 2 } as W-type noise, which is given by Λ W = (
Influenced by W-type noise, the two-qubit state becomes
where q ∈ [0, 1] denotes the strength of noise. When q ≪ 1, its concurrence in first-order approximation can be written as
where η C (Φ) is the LRC of |Φ under W-type noise. The concurrence for a mixed state ρ is defined as the average pure-state concurrence minimized over all possible decompositions ρ = j p j |φ j φ j |,
To calculate the concurrence for the two-qubit state ρ Λ , we assume the pure states in one of its optimal decomposition have the form
with |a j | 2 + |b j | 2 = 1. Its concurrence can be obtain directly as C(φ j ) = |(1 − q) sin 2θ − 2qa j b j |. The last term corresponds to the coupling between the two state |Φ 1 and |Φ 2 . Choosing another basis
All possible decompositions with the elements (5) sat-
The corresponding minimum average concurrence min {pj ,Aj ,Bj } j p j C(φ j ) = sin 2θ − q(1 + sin 2θ).
It actually is the exact concurrence for the perturbed twoqubit state ρ Λ , which can be checked by using Wootters' formula [13] . The LRC can be written as
which depends completely on the initial entanglement. One can notice from (6) that the concurrence C(Φ) in η(Φ) comes from the decrease of the pure state |Φ , and the constant 1 from the coupling between the two state |Φ 1 and |Φ 2 in W-type noise. In addition, the constant 1 can be also considered as a trivial entanglement invariant of two-qubit pure state |Φ . This viewpoint will be supported by the results for three-tangle in the next section.
Three-tangle.-Now we turn to consider the symmetrical three-qubit pure states. These states have three independent parameters and, through an appropriate local unitary transformations, can be brought into the compact form [23] |Ψ = cos α|W + sin α(cos β|000 + sin βe iγ |111 ), (9) where α, β
x |W is a flipped version of the original W state |W = (|001 + |010 + |100 )/ √ 3. The tripartite entanglement of a three-qubit pure state |ψ is defined as the three-tangle [10] 
with σ 0 = i1 1 2 . For the symmetrical state |Ψ in (9), it is given by
where we define the complex number T (α, β, γ) = (16 √ 3/9) cos 3 α sin α cos β + 4e 2iγ sin 4 α cos 2 β sin 2 β.
There exist four linear independent states |Ψ k (k = 1, 2, 3, 4) orthogonal to |Ψ satisfying the similar properties as the case of two-qubit concurrence:
i2π/3σz ⊗ e −i2π/3σz |W , and |Ψ 4 = 1 1 2 ⊗ e −i2π/3σz ⊗ e i2π/3σz |W .
Applying the three-qubit W-type noise Π W = k |Ψ k Ψ k |/4 with a infinitesimal probability q, we obtain the three-qubit state initial from |Ψ as
In order to derive its three-tangle defined by the convex roof of τ , we extend the assumed optimal pure states (5) into the three-qubit case as
Its three-tangle in the first-order approximation is given by
where |χ j = (c 
Here, their convex combination also achieves its minimal value
where we utilized the constraint j p j |C
A optimal decomposition {p j , C 4 . In this way, we minimize the average three-tangle over all decompositions with the elements in (13) . That is, the minimum in (15) is a upper bound of the three-tangle for the perturbed state ρ Π . Consequently, a lower bound of the LRT is obtained as η τ (Ψ) = 2τ (Ψ) + k |ω k |/4. In the following part, we treat it as the exact LRT, and will discuss its correctness in the end of the article.
Our goal is now to derive the values of |ω k | in (15) . The basis transformation to {|Ψ k } can be expressed as a 4 × 4 unitary operation |µ j = (C
The relation µ * j |D|µ j = χ * j |Ω|χ j leads to U T DU = Ω, where the diagonal matrix D = Diag(ω 1 , ω 2 , ω 3 , ω 4 ). One can easily notice Ω
*
Therefore, the values of |ω k | are the square roots of the eigenvalues of the Hermitian matrix R = Ω * Ω, which has the form as Here, the elements X =
The traces and determinants of the two submatrice in the partitioned matrix R are given by
is the bipartite negativity between one qubit with the other two, and ρ 1 = Tr 2,3 |Ψ Ψ| is the one-qubit reduced state of |Ψ .
Based on the matrix R in (16), it is straightforward to derive the LRT
Similar as the two-qubit concurrence, the first term is from the decrease of the pure states |Ψ . The factor 2 is caused by the fact that the three-tangle in (10) is a homogeneous function of degree 4 in the coefficients of the pure states. The last two terms from the addition of the noise become a function of the initial bipartite and tripartite entanglement advisors instead of a constant. An interesting fact can be noticed is the absence of the Kempe invariant [9] in the LRT.
The analytical relation between the LRT and initial entanglement make it easy to identify the most robust and the fragile three-partite entanglement among the symmetrical three-qubit pure states. For a fixed three-tangle, the symmetrical states with minimal and maximal negativity, as shown in the inset in Fig. 1 , are the generalized GHZ state and the W-like state |J = |Ψ(α, β = 0, γ) = cos α|W + sin α|000 , (19) in the region of α ∈ [0, π/6]. They are also shown in Fig.  1 as the state with the minimum and the maximum of LRT. That is, the bipartite entanglement in a three-qubit state speeds up the decay of the tripartite entanglement. Combining this point with the results in [6] , we can say that the two kind entanglement, tripartite and bipartite, are of a tendency to do harm to each other. It is interesting to notice that when three-tangle approaches zero, LRT for most of the symmetrical states approaches a finite value, which is η τ →0 = √ 2N and with a maximum 4/3 achieved by the W-like state. This indicates a sudden death of the slight three-tangle occurs in these states under a perturbation of the W-type noise. These sudden death are obviously correlated with the bipartite negativity. Only the fully separable states have a zero LRT.
Summary and discussion.-We find a family of global noise, called W-type in the present paper whose oneorder perturbation on the concurrence of a symmetrical two-qubit pure state depends completely on initial entanglement. To derive the perturbed concurrence, we present a ansatz for the optimal decomposition which conforms to the result by using Wotters' formula. Subsequently we extend the noise and ansatz optimal decomposition to the three-qubit system prepared in a symmetrical pure state. A lower bound of the LRT is found as an analytical function of the initial bipartite and tripartite entanglement. It reveals that the bipartite entanglement between one qubit and the other two plays a role in speeding up the decay of tripartite entanglement.
Finally, we briefly discuss the validity of the lower bound as signature to characterize the roles of initial entanglement in decay of three-tangle. The minimal average three-tangle among our ansatz decompositions is actually the minimized pure-state three-tangleτ in the method of convex characteristic curves [14] . We successfully find the decomposition achievingτ but fail to construct its function convex hull τ * . One can notice from the known results [14, [16] [17] [18] that the minimal valueτ are all quite close to the exact three-tangle. In addition, we derive the critical noise parameter q c (see Appendix) washing out initial tripartite entanglement of the states |G and |J under the W-type noise by using the rescaling method [25] , and plot their average decay rates η τ (|Ψ ) = τ (|Ψ )/q c in Fig. 2 . The relative positions of the states |G and |J are similar as the results in Fig. 1 . And, when the initial tripartite entanglement approach zero or one, the average decay rates tend to the values of LRT in (17) . Based on these results, a same conclusion can be drawn that the bipartite entanglement makes three-tangle more fragile.
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